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A one-band model within the effective mass approximation is adopted to characterize 
the energy structure and oscillator strength of type-II semiconductor spherical core-
shell quantum dots. The heteroepitaxial strain of the core-shell heterostructure is 
modeled by the elastic continuum approach. The model is applied to ZnTe/ZnSe core-
shell, a wide band gap type-II heterostructure. The simulated absorption spectra are in 
fair agreement with available experimental results. 
 
 
I. Introduction 
 The atomic-like optical spectra of the semiconductor quantum dots (QDs) make these 
materials of considerable interest from the perspective of novel optical and electronic 
properties. The size and shape are factors of high-level control of the physical properties of 
such nanostructures. The colloidal core-shell (CS) QDs are heterostructures that can be 
obtained by chemical synthesis1, 2, 3  with reproducible and controllable size and shape and 
low fabrication cost. Their high quantum yields and the possibility of tuning the band gap of 
the QD by the shell thickness have attracted many research groups. The type-II core-shell 
QDs have been shown to have useful application in solar cells due to the ease to separate 
electron hole pairs.4 Thus, a simple yet realistic model for describing the energy structures 
will be highly desired for the design of these type-II core-shell QDs for device applications. 
 Theoretically, several approaches have been used to calculate the electronic structures 
of semiconductor QDs. For example, the tight-binding method5, the effective bond-orbital 
model6, the valence force field model7 or first-principles calculations8, the envelope-function 
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methods as the effective mass approximation9  or multi-band approach10 , 11 , 12  have been 
developed.  Each of these methods has some limitations either in the accuracy of the 
predicted electronic structures or the computation cost. 
 In this work, we present a simple one-band model within the effective mass 
approximation to describe the energy structure and the optical properties of  type-II CS QDs. 
The model is applied to materials where such an approach is expected to work well, namely 
in the case of: i) weak mixing of the conduction band (CB) and valence band (VB), and ii) 
weak mixing of the hole states within each compound of the heterostructure. The first 
condition is typically fulfilled by the wide band gap semiconductor heterostructures. As for 
the second, though the heavy hole-light hole admixture is a well known effect11, in the first 
approximation, we may disregard it if considering small QDs, in which it was found that the 
admixture is less pronounced11, 13, 14  due to the large energy splitting between the heavy- and 
light-hole subbands caused by the strong quantum confinement. The strain induced by the 
lattice mismatch at the interface is an important factor contributing to the band offsets, and 
we take it into account within an elastic continuum model. In the present calculations, we 
assume an ideal, defect–free crystal structure (technically the shell thickness should be of 
only several monolayers to fulfill this requirement). The analytical predictions of the model 
are compared with the experimental results reported for a type-II heterostructure that has 
wide band gap for the both compounds involved. As the model QD has spherical symmetry, 
the piezoelectric effect is expected to be less significant15, and it is a good approximation to 
neglect it. 
The structure of the paper is as follows. In Sec. 2 the theoretical model is introduced 
to describe the energy structure and oscillator strength. In Sec. 3 the model is applied to 
ZnTe/ZnSe (wide band gap heterostructure) CS QDs. The validity of the approximations used, 
and the comparison of the predicted and experimental absorption spectra are discussed in this 
section. Conclusions are given in Sec. 4. To make the work more comprehensible, we present 
details related to the strain computation in Appendix A, some considerations of the heavy and 
light states effective masses in the one-band spherical approximation in Appendix B, and 
detailed derivations of the oscillator strength in Appendix C. 
 
 
II. One-band model for core-shell semiconductor quantum dots 
 To obtain the energy structure within the one-band model one needs to know the bulk 
band-offset of the hetersotructure and the effective masses of the carriers. On the other hand, 
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the strain induces a shift of the band edges and solving the problem of the strain influence on 
the band lineups in heterostructures is necessary. Thus, according to the model-solid theory 
developed by Van de Walle16, both VB and CB are shifted by the hydrostatic deformation 
potential and, in addition, by the spin-orbit coupling in the case of the VB. The value of the 
band edge is given by16 
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where v (c) holds for VB (CB), 0vE and 
0
cE  denote the unstrained values of the band edges, ∆  
is the spin-orbit splitting, va and ca  are the corresponding hydrostatic deformation potentials, 
hyd
ε∆Ω Ω =   is the fractional volume change due to the hydrostatic strain. 
 For ZnTe/ZnSe CS QD, the type II heterostructure we discuss in this work, we draw 
in FIG. 1 the schematic band lineups corresponding to the strained case (notations are in 
accordance with those from Eqs. (1)). On the external surface of the shell, the potential is 
approximated by a hard wall. 
 
 
 
 According to FIG. 1, we consider the following spherical square-well potentials as 
functions of r: 
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FIG. 1 Schematic band lineups for CdTe/ZnSe 
core-shell QD in presence of strain. The 
notations of the energies are in accordance with 
Eq. (1). 
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with 0>−= ZnSeZnTe0C cc EEV , 0>−=
ZnSe
0B vEV . 
 The one-particle radial Schrödinger equation for the spherical well potential V(r) 
given by Eqs. (2a, b) reads 
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where m*(r) is the position-dependent effective mass. Using the change of variable, rki=ρ , 
where ( ) 022 >−= iii VEmk m  if iVE <>  (with the notations, hei mm , 2,1=  for the effective mass of 
the electron (e) or hole (h) in the core (i=1) or shell (i=2), and iV  for the values of the 
piecewise-constant potential in region i, that is, iV = 0  or 0BV  or 0CV ), Eq. (3a) reduces  to 
the Bessel differential equation 
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and consequently, the general solution of Eq. (3a) is of the form )()( rkvrR ill = . In Eq. (3b) 
the sign of the last term is positive for iVE >  and negative for iVE < . The solutions of Eq. 
(3b) are linear combinations of spherical Bessel or modified spherical Bessel functions, 
namely: )()()( ρρρ lllll yBjAv +=  if iVE >  or )()()( ρρρ lllll kBiAv +=  if iVE < , where 
)(),( ρρ ll yj  are the spherical Bessel functions of the first and second kind, and  )(),( ρρ ll ki  
are the modified spherical Bessel functions of the first and second kind, respectively. The 
solutions should be regular and consequently they should be of the following form. 
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For Rrr ≤≤0 : 
 [ ])()()( 33)3( rkyDrkjCrR elelelelel += .       (4c) 
In Eqs. (4), h)(2 011 C
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l DCBA ,,,  are orthonormalization constants. 
 The explicit expressions of the wave functions are obtained by imposing the following 
boundary conditions: the wave functions and probability current are continuous at the 
interfaces, and the wave functions vanish outside the QD. 
For the case CVE 0< : 
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Then, the energy is obtained by solving the transcendental equation 
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For the case CVE 0>   the equations expressing the boundary conditions and solutions are 
similar with those from Eq. (5), by replacing  )1( elR  by 
)2( e
lR , 
ek1  by 
ek2 , and li  by lj . 
 Hole states 
For 00 rr ≤≤ : 
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For Rrr ≤≤0 : 
 B0VE < , [ ])()()( 22)2( rkiFrkkBrR hlhlhlhlhl += ,                                      (6b) 
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h
l
h
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 The explicit expressions of the wave functions are obtained by imposing the following 
conditions for continuity of the wave functions and probability current at the interfaces. 
Case BVE 0< : 
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Then, the energy is obtained by solving the transcendental equation 
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 For the case BVE 0>   the equations expressing the boundary conditions and solutions 
are similar with those from Eqs. (7), by replacing  )2( h
lR  by 
)3( h
lR , 
hk2  by 
hk3 , li  by ly , and lk  
by lj . The conditions  0)(
)3( =RR el  and 0)(
)3,2( =RR hhl  impose the wave functions have a 
node on the external surface of the shell. 
 The solutions for the energy and normalizations constants of Eqs. (5) and (7) implies 
knowing of the strain. The implementation of strain effect is considered as follows. Within 
the one-band model the total wave function of the QD is given by the product of the envelope 
wave function and cell Bloch wave function at a certain point in k-space of minimum energy 
(the Γ  point for the structure analyzed in Sec. 3). In terms of state vectors, we have 
αα ψ unLmnLm =Ψ ; αnLmΨ , nLmψ , and αu  denote the  total, envelope, and the Bloch 
state vector at the band edge, respectively, and cv,=α  holds for VB, CB, respectively, and 
the index n labels the energy level in ascending order for a given l. In Sec. 3, we consider the 
application of this model to a II-VI zincblende heterostructure. In both compounds of this 
type, the heavy and light hole states are degenerate at the Γ  point 17. On the other hand, the 
spin-orbit interaction and shear strain can induce band splitting, as we already mentioned at 
the beginning of this section. The first splitting caused by the spin-orbit interaction raises the 
light and heavy hole band edge energy with respect to the split-off hole band edge as 
described by Eq. (1a). The second splitting, which is caused by the shear strain is neglected in 
this work and an argument for this is given in Appendix A. In addition, as we mentioned in 
Introduction, we consider the heavy and light hole states as unmixed (and both far from the 
split-off bands). Consequently, we may apply Eq. (7) to the heavy and light holes separately, 
by using the same 0BV , but different effective masses. In the calculation, we consider the 
spherical part of the heavy-hole masss ( hhm ) and light-hole masses ( lhm ) assumed by the 
parabolic dispersion of the one-band model (see Appendix B), 
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Finally, by superposing the two sets of hole states, we obtain the approximate VB energy 
structure. 
 Thus, concluding the discussion regarding the strain effect, to obtain the energy 
structure also requires knowing the hydrostatic strain. For the core-shell geometry, within the 
continuum elasticity approach, we obtain (see Appendix A): 
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where the subscript 1(2) holds for the core (shell), 0ε  is the relative mismatch, and )2(,1ν  is 
the Poisson ratio of the core (shell) material. For ZnTe/ZnSe CS QD, the case we analyze in 
section 3, the lattice constant of ZnTe, a1, is larger than the lattice constant of ZnSe, a2, and 
one obtains the strain is compressive for the core and tensile for the shell. Quantitatively, the 
relative mismatch 1120 )( aaa −=ε  is negative and according to Eqs. (9), 01 <hydε  
(compression), and 02 >hydε  (dilation). 
 
III. Application to ZnTe/ZnSe core-shell quantum dots 
 The band lineups in presence of strain are obtained by using the model-solid theory of 
Van de Walle 16 as follows. For the bulk (unstrained) band-offset, we consider the gap 
energies 18 , eVZnTe 25.20 =gE , V
ZnSe 69.20 =gE , and nm6103.01 =a , nm5668.02 =a , 
nm363.01 =v , nm375.02 =v , eVZnTe 91.0=∆ , eVZnSe 43.0=∆ . Then, from Ref. 16, 
eVZnTe 17.70 −=vE , eV
ZnSe 37.80 −=vE , eVZnTe
ZnTeZnTeZnTe 62.43/000 −=∆++= vgc EEE , and 
eVZnSe
ZnSeZnSeZnSe 54.53/000 −=∆++= vgc EEE . With these bulk values of the energies and by 
using Eqs. (1) and (9) (with 071.00 −=ε ), we find the band lineups in presence of strain as 
function of R and r0 as shown in FIG. 2. One obtains that the strain induces enlargement 
(shrinkage) of the band gap for ZnTe (ZnSe), and the band gaps, ZnTeZnTeZnTe vcg EEE −= , 
ZnSeZnSeZnSe
vcg EEE −= , 
ZnTeZnSe
vcg EEE −=  increase with the shell thickness. 
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 Then, with the values of the Luttinger parameters from Lawaetz19, 74.31 =
ZnTeγ , 
07.12 =
ZnTeγ , 64.13 =
ZnTeγ , 74.31 =
ZnSeγ , 24.12 =
ZnSeγ , 67.13 =
ZnSeγ  the spherically 
averaged hole effective masses according to Eq. (8) are 009.1 mm
hh =ZnTe , 0mm
lh 0.15 ZnTe = , 
029.1 mm
hh =ZnSe , 0ZnSe 0.15 mm
lh = . For electrons, we consider the effective masses, 
020.0 mm =ZnTe , and 021.0 mm =ZnSe
20. The energy structure is shown in FIG. 3 for the first 
four levels for both electrons and holes states. With Eq. (7), when comparing the energies 
values obtained with heavy and light holes, we obtain the first four hole states are heavy hole 
states. One can see the hole energies in FIG. 3 remain practically not affected by the shell 
thickness when the mixing of the hole states of the two compounds is absent (large 0BV  of the 
heterostructure). On the other hand, electron energy decreases with the shell thickness, which 
results in decreasing of the lowest energy transition, in accordance with the results regarding 
the absorption and emission spectra reported by Bang et al.21 for such ZnTe/ZnSe CS QDs. 
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FIG. 2 Gap energies of ZnTe/ZnSe CS QDs in 
the presence of lattice mismatch strain vs. 
core+shell radius R, with the core radius 
nm2.20 =r . The legend:  
■ for ZnTeZnTeZnTe vcg EEE −= ; 
▲ for ZnSeZnSeZnSe vcg EEE −= ;  
● for  ZnTeZnSe vcg EEE −= . 
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 Next, we present the results obtained from our model. Though the hole states mixing 
influences the shape of the orbitals as a result of mixing of different types of orbitals (s, p, d, 
…) in the exact form of the envelope wave function, we expect for this heterostucture with 
wide band gap, as a result of weak mixing of the hole states, the exact orbitals and those 
obtained by this one-band model to have similar features. The envelope wave function is 
obtained as the product of the radial wave function and the spherical harmonics ),( ϕθlmY . 
For axis z chosen as quantization axis, the spatial density probabilities, the orbitals, 
2)( ),()( ϕθα lmnl YrR  are represented in FIG. 4 for )(6.3,3,4.2 nm=R  and nm2.20 =r . One 
can see transition from type-I (both electron and hole localized in the core) to type-II 
heterostructure, and shrinking (stretching) of the hole (electron) orbitals with shell thickness. 
For thin shell, the electron is still localized in the core while for thicker ones the electrons 
migrates to the shell (‘falls down into the trap’ opened by the potential of the shell, see FIG. 
1). The hole remains confined in the core. The ground state has spherical symmetry for both 
electron and hole, which is characteristic for the s orbital. 
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      (a)      (b)  
FIG. 3 Energy levels of: (a) holes; (b) electrons for ZnTe/ZnSe CS QDs vs. core+shell 
radius R, with the core radius nm2.20 =r . 
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     (a)        (b)              (c)               (d)                 (e)               (f) 
 FIG. 4. Hole (red color) and electron (green color) probability density 
75.0))((Max
2, ×Ψ rehnlm  for ZnTe/ZnSe CS QD with core radius nm2.20 =r : the first three 
rows are for holes and the next for  electrons for the radius nm)(6.3,3,4.2=R . The 
figures are denoted according to the following quantum numbers: (a) 001 === , m, ln ; 
(b) 011 === , m, ln ; (c) 111 ±=== , m, ln ; (d) 021 === , m, ln ; 
(e) 121 ±=== , m, ln ; (f) 221 ±=== , m, ln . The orbitals correspond to the first three 
electron (hole) energy levels in ascending (descending) order from Fig. 3 ((a) to the first, 
(b) and (c) to the second, and (d)-(f) to the third). 
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 The optical spectra can be described by the oscillator strength (see Appendix C) 
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which characterizes the probability of interband transition between two states, i 
(characterized by the set of quantum numbers, n, L, m ) and j (characterized by the set of 
quantum numbers,  n', L', m' ); 2
2
02 hPmEP =  and  xpsmiP x)/( 0h−=  is the Kane 
momentum matrix element. In FIG. 5 we present the influence of the shell thickness on the 
oscillator strength obtained from the first four hole and electron states described in FIGs. 3 
and 4 for eV1.19=PE
13. It follows from the overlap of the envelope wave functions, which 
is larger for thinner shell (type-I character of the heterostructure) as the orbitals from FIG. 4 
show it. Thus, thicker shell leads to a decrease of the oscillator strength and consequently, a 
possible reduction of the quantum yield of the QD as reported by Bang et al.21 for the same 
kind of QDs. Also a continuous red shift of the lowest energy transition, 1 (as denoted in FIG. 
5) with the shell thickness is obtained, similarly to the experiment21.  
 
 
 In FIG. 6, we compare the absorption results obtained by Bang et al.21 with our 
simulated results, for ZnTe/ZnSe CS QDs with nm2.20 =r as function of shell thickness. We 
assign the lowest energy transition, 1, active one as shown in FIG. 5 to the main peak 
recorded in Ref. 21 in absorbance measurements. The experimental data are adapted from the 
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FIG. 5 The oscillator strength for ZnTe/ZnSe CS QD with nm2.20 =r  and a) nm4.2=R , 
b) nm3=R , c) nm6.3=R . The labels in the figures correspond to the following 
transitions: 1 for 11↔ , 2 for 21↔ , 3 for 31↔ ,  4 for 41↔ , 5 for 22 ↔ , etc. The 
labels 1, 2, 3, 4, represent the four electron (holes) states from Fig. 3 in ascending 
(descending) order of the energy. 
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absorbance in FIG. 2 (a) from Ref. 21, by taking the ZnSe monolayer thickness of 2.83Å22. 
Experimentally, obtaining uniformly coated cores with spherical shape for the shell is 
difficult task, but comparison between frequencies of the absorbed light provides a 
reasonable fit for the simplicity of the model we used. 
 
 
 
 
IV. Conclusions 
 The one-band model within effective mass approximation is adopted to explain the 
energy structure of CS QDs, giving reasonably good results, as expected for the wide band 
gap ZnTe/ZnSe heterostructures. The use of the heavy hole effective mass in calculation is 
justified and the rather large effective masses obtained within the spherical approach, 
009.1 mm
hh =ZnTe , 029.1 mm
hh =ZnSe  are important for a closer fit of the experimental data of 
absorption. The excitonic effect is expected to lead to a correction to the results. We can get 
approximately the influence of the electron-hole Coulomb interaction in spherical 
nanostructures by modeling this interaction with the expression, ( )Re vacεπε48.1 2− ,23 where 
ε  is the relative dielectric constant at high frequency. With 3.7=ε 24 as the value for a 
homogenous ZnTe core of radius R, the Coulombic interaction has values in the interval 
0.09 ~ 0.14eV for 2.4 ~ 4nmR = , and the simulated absorption from FIG. 6 is displaced upward 
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FIG. 6 Absorption wavelength for ZnTe/ZnSe CS QDs with nm2.20 =r  as a function of 
the shell thickness. The legend: ■ - experimental values and ● - simulated values. The 
simulation is obtained for the lowest energy transition corresponding to the transition 1 
( 11↔ ) in Fig. 5. The error bars of the experimental values are of 7%.  
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with an excellent fit for the interval 2.4 ~ 3.1nmR = .  On the other hand, introduction of the 
strain is absolutely necessary for getting a reasonable level of accuracy of the predictions, and 
expressions of the hydrostatic strain (easy to be implemented in the calculation) are obtained. 
Given its simplicity, robustness, and satisfactory accuracy level, we think the model we 
presented is very useful for at least preliminary calculations of the optical properties of type-
II CS QDs of wide band gap, where the band mixing effect is of less importance. 
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 Appendix A: Strain calculation 
 The strain tensor for CS QDs is derived starting from the radial displacement in a 
hollow sphere with inner and outer radius 0r  and R, which is subjected to an inner and outer 
pressure intP  and outP
25, 26, respectively, that reads, 
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For the core 
 
PPPrrroutintintoutint outintoutint
PPrrru Pr u
====
=
;0;0 0
),,,,(),( .                       (A2) 
For the shell  
 
0;;; 0
),,,,(),(
====
=
outintintout PPPrrRr
eintintoutout PPrrru Pr u .                       (A3) 
For pseudomorphic growth, the relative mismatch of the two materials is ( ) 1120 aaa −=ε  
(with 1a  the core lattice constant, and 2a the shell lattice constant). The inner and outer 
material impose the shrink–fit condition 
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 0000 ),(-),( rPruPru outint ε= .                           (A4) 
Thus, with Eqs. (A1-A3) we obtain 
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1
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1
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3
2
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ν
ν
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−
−









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
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R
r
rruint 0 ,                         (A5) 
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ν
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

++−




=
rR
r
rruout 0 ,             (A6) 
where )2(,1ν  are the Poisson ratios for the core (shell). 
Then, the diagonal components of the strain tensor in spherical coordinate reads 
 )(rurrr ∂=ε , rru /)(== ϕϕθθ εε ,                          (A7) 
and the hydrostatic strain is ϕϕθθ εεεε ++= rrhyd . 
Thus, for the core we obtain 
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εεεε ϕϕθθ −
−









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−===
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r
rr 0 ,                         (A8) 
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hyd 0 ,                (A9) 
and for the shell 
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ν
νε
ε
−
−





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R
r
hyd
0 .               (A12) 
The Cartesian components are obtained with transformation relations between spherical and 
Cartesian tensor components27 
 ( )
( )
( )








−=
−=
−+=
+=
++=
++=
ϕθεεε
ϕθεεε
ϕεθεθεε
ϕεθθεε
ϕεϕεθϕεθε
ϕεϕεθϕεθε
θθ
θθ
ϕϕθθ
θθ
ϕϕθθ
ϕϕθθ
sin2sin
cos2sin
2sincossin
sinsincos
sinsincossinsin
sincoscoscossin
22
222
22222
22222
rryz
rrxz
rrxy
rrzz
rryy
rrxx
.           (A13)
 The resulting shear strain as shown by the above equation induces bands splitting. The 
 15 
splitting in some directions of the uniaxial strain has a linear dependence of the product 
between the Cartesian shear strain components or the difference yyxx εε −
15 and the shear 
deformation potentials. According to Eq. (A11), we obtain 011 =− yyxx εε , and 
0111 === yzxzxy εεε , and consequently, by neglecting the thin shell contribution to the 
splitting (for which yyxx 22 εε ≠ , and 0,, 222 ≠yzxzxy εεε ), we can approximate the band lineups 
without taking into account the splitting of the conduction or valence band by the shear strain. 
 
 
 Appendix B: Heavy and light hole effective mass 
 Within the pk ⋅  theory, the heavy and light hole effective masses are given by28 
γγ 2)(1
0)(,
+−
=
m
m lhhh ,                   (B1) 
with  
 32)1( ζγγζγ +−= , ( )[ ]





 +−= ϕθθϕθζ 4cos7sin
8
3
3sin),( 22 ,            (B2) 
where ϕθ ,  are the spherical coordinates of the direction perpendicular to the growth plan 
with respect to the Cartesian axes of the main crystallographic directions, and 321 ,, γγγ  are 
the Luttinger parameters. Then, to obtain the spherical part of the heavy-hole and light-hole 
masses assumed by the parabolic dispersion of the one-band model, we average over the solid 
angle the quantity ),( ϕθζ  
5
3
),(sin
4
1
0
2
0
== ∫ ∫
π π
ϕθθζϕθ
π
ζ dd .                 (B3) 
Then, with the replacement 32)1( γζγζγγ +−=→  in Eq. (B1), we find Eq. (8), which 
recovers the expressions of Baldereschi and Lipari29 of the heavy and light holes.  
  
 
 Appendix C: Oscillator Strength 
 For the sake of self-consistency, we present derivation of the oscillator strength 
expressed by Eq. (10). Thus, we start with30 
 
2
0
2
0
22
ji
ij
ji
ij
ij
imm
f Ψ∇⋅Ψ=Ψ⋅Ψ=
h
hh
epe
ωω
,              (C1) 
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where the total wave vector is the product of the envelope wave vector and cell Bloch wave 
vector, that is, αα ψ unLmnLm =Ψ  ( cv,=α  for VB, CB, respectively). Then 
 ∫ 



 ∇⋅+∇⋅=Ψ∇⋅Ψ ∗∗∗∗
V
vcmLnnLmmLnnLmvcji du
i
u
i
uu
i
reee
hhh
'''''' ψψψψ ,            (C2) 
where V is the volume of the QD. By making use of the slow spatial variation of the envelope 
wave function over regions of the unit cell size and the orthonormality of the Bloch cell wave 
functions, the above integral can be written as follows. 
( )
cvmLnnLm
V
vcmLnnLm
V
vcmLnnLmmLnnLmvcji
duud
duuuu
ii
prrprRRR
rrrrrrrrre
''''''
''''''
)()()()(
)()()()()()()()(
ψψψψ
ψψψψ
∗
Ω
∗∗
∗∗∗∗
≡=
∇+∇=Ψ∇⋅Ψ
∫ ∫
∫
hh
,       (C3) 
where Ω  is the volume of the unit cell, V is the hetero-structure volume,  the capital R  
suggests an integration over coarse-grained unit cells space and cvvc du
i
u prrr =∇∫
Ω
∗ )()(
h
 is 
the Bloch optical matrix element. By introducing the Kane momentum matrix element, 
cvzvzcz pmiupumizpsmiP )/()/()/( 000 hhh −=−=−= , with 
22
02 hPmEP = , and 
considering the polarization unit vector, e, parallel to the quantization axis, z, for example, 
the oscillator strength reads 
 
2
''' mLnnLm
ij
P
ij
E
f ψψ
ω
∗=
h
. 
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